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Abstract

We study lineability of real functions with finite preimages. In particular,
we prove that the class of n-to-one functions contains a vector subspace of
dimension n but not of dimension (n + 1). Additionally, we give examples
of star-like families of functions (closed under multiplication by a non-zero
scalar) for which lineability is less than additivity.
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1. Introduction

The symbols N, Q, and R denote the sets of positive integers, rational
and real numbers, respectively. The cardinality of a set X is denoted by
the symbol | X|. In particular, |N| is denoted by w and |R| is denoted by
¢. We consider only real-valued functions. No distinction is made between a
function and its graph. We write f|A for the restriction of f to the set A C R.
The symbol x4 denotes the characteristic function of the set A. For any
subset Y of a vector space V and any v € V we define v+Y = {v+y: y € Y}.

The problem of finding a “large” vector subspace contained in a given sub-
set of a vector space has gained on importance in recent years and significant
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number of articles have been written on the topic (see [1-4, 6-13]). More
specifically, many well known families of functions (considered as subsets of
the vector space R®) have been studied in that context. We will recall here
some of the most recent definitions related to the topic (see [1, 2, 6]). Let
F CRE, £ C R be a field, and x be a cardinal number. We say that F is
k-lineable over E if FU{0} contains a subspace of R® (considered as a space
over F) of dimension . The (coefficient of ) lineability of the family F over
the field E is denoted by Lg(F) and defined as follows

Lp(F)=min{x: F is not x-lineable over E}.

In the case E = R we simply write L(F).

In this paper we focus on the lineability of functions with finite preimages.
Let us recall the definitions of the classes of functions considered in the article.
A function f: R — R is a:

e [inearly independent function if the graph of f is a linearly independent
subset of R? (over Q) (f € LIF);

e Hamel function if the graph of f is a Hamel basis for R? (f € HF);
e n-to-one function (n > 1) ifforevery y € R, |f~!(y)| =nor 0 (f € F,,);
e finite-to-one function if for every y € R, |f~'(y)] < w (f € F,,).

In addition, we introduce the symbol F_,, (n > 2) to denote the family of
functions f: R — R such that for every y € R, |f~1(y)| < n.

The cardinal function A(F), for F & R¥X, is defined as the smallest
cardinality of a family G C R¥ for which there is no ¢ € R¥X such that
g+G C F (see [15]). It was investigated for various classes of real functions.
The following remark gives the values of A(F,,), A(F.,), and A(F_,).

Remark 1.1. A(F,) = A(F.,) = A(F.,) = cand A(F,) =2 for n > 2.

Proof. Let F = {f € R®: f|(R\ N) = 0}. Note that |[F|] =cand g+ F €
F_, for every real function g since —gyn € F and g + (—gxy) is constant
on N. Hence A(F,) < A(F.,) < A(F.,) < ¢. To show that A(F;) > ¢ let
H C R® be such that |H| < ¢. Let g € R® be such that for all z;, 2, € R
such that x; # x5 we have

(9(z1) +{n(z1): h € H}) N (g(w2) +{h(x2): h e H}) =0
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(such a function g can easily constructed using transfinite induction). Notice
that g + H C F.

To see that A(F,) = 2 for n > 2, recall first that A(F) > 2 for every
non-empty family 7 C R®. To justify the inequality A(F,,) < 2 define f; =0
and f; = xqo} and note that for every function g we have g + {f1, fo} Z F..
0

Géamez-Merino, Munoz-Fernandez, and Seoane-Sepilveda (see [8]) estab-
lished a connection between the two cardinal functions A and £. Namely,
they proved the following theorem.

Theorem 1.2. [8, Theorem 2.4| If F C R® is star-like (i.e., cF C F for
every ¢ € R\ {0}) and A(F) > ¢, then L(F) > A(F).

The above theorem was generalized by Bartoszewicz and Glab [2, Theo-
rem 2.2|: If F C R® is star-like, E C R is an infinite field, and A(F) > |E)|,
then Lg(F) > A(F). Theorem 1.2 guarantees that families of functions
with large additivity (greater than ¢) contain a subspace of large dimension
(greater than or equal to additivity). The authors asked a question whether
the above theorem can be extended to classes of functions with lower additiv-
ity. Specifically, does Theorem 1.2 remain true if 2 < A(F) < ¢7 A negative
answer to this question was given by Bartoszewicz and Glab in [2]. In par-
ticular, they proved that for every x < ¢ there exists a family 7 C R¥ such
that A(F) = k and L(F) = 2. It still may be of interest to find such families
among those that were previously defined and studied in other contexts. We
identify three of such classes of functions.

Remark 1.3. The families HF, LIF, and F| are all star-like. In addition,
A(HF) =w, A(Fy) = A(LIF) = ¢ and L(HF) = L(F}) = L(LIF) = 2.

Proof. The equalities A(HF) = w and A(LIF) = ¢ were proved in [16, 17].
For A(F;) = ¢ see Remark 1.1 and for L(F}) = 2 see Theorem 2.3. (See
also [9].) To see L(HF) = L(LIF) = 2 note that for any two functions f, g
we have (g(0)f — f(0)g)(0) = 0, hence ¢g(0)f — f(0)g ¢ LIF. The fact that
the classes HF, LIF, and F) are star-like easily follows from the definitions
of these classes. O

2. Main results

We first determine Lo(HF) and Lo(LIF). To do that we will make use of
the following lemma.



Lemma 2.1. [18, Lemma 3| Let B C R be a Hamel basis. Assume that
h: R — R is such that h|B = 0. Then h is a Hamel function iff h|(R \ B) is
one-to-one and h[R \ B] C R is a Hamel basis.

Theorem 2.2. Lo(HF) = Lo(LIF) = ¢™.

Proof. First observe that since HF C LIF we have Lo(HF) < Lo(LIF).
Therefore it suffices to show Lo(LIF) < ¢* and Lo(HF) > ¢*. The inequality
Lo(LIF) < ¢ follows from the fact that in any collection of functions of
cardinality > ¢, there are two distinct functions f1, fo such that f1(0) = f2(0)
and then f; — fo ¢ LIF. (Note here that the inequality Lo(LIF) > ¢t follows
from theorem of Bartoszewicz and Glab |2, Theorem 2.2|.)

By Lemma 2.1, the inequality Lo(HF) > ¢t follows from the existence of
a family of Hamel bases H, = {hg : { < ¢} C R (a < ¢) such that

(A) {p1hg* + -+ + prhe* 1 § < ¢} is a Hamel basis

forall oy < -+ < ap <cand py,...,pr € Q\ {0}, £ > 1. Indeed, if such a
family exists then functions defined by

fo = (B x{0}) U {(ze, hg): & < ¢}

(where B is a Hamel basis and R\ B = {z¢: £ < ¢}) are linearly independent
over Q and spang{ f,: a < ¢} € HF U {0}.

Let V = {H,} be a maximal set of Hamel bases with the property (A)
and assume that |V| < ¢. Using transfinite induction we will define a Hamel
basis H = {he: £ < ¢} such that V U {H} still possesses the property (A).
Let R = {y,: v < ¢} and fix Ay < ¢. Assume that the construction has been
carried out for every A < A satisfying the following conditions:

(i) X € I, where I, = {£ < ¢: hg is defined after stage A},
(i) |I,] < max(w, A, |V]),

(iii) forall k > 1, oy < -+ < ag < |V|, and py,...,pr € Q we have that
{he +prhe" + -+ + pehg® 2 § € 1)} is linearly independent over Q and
yx € spang{he + prhdt + -+ prhet 1§ € L

Put I = {£ < c: he is defined before the step Ao} = (J,.,, I» and observe
that [7] < max(w, Ao, |V|). If A9 ¢ I then choose

hy, € spang({he: § € I} U{hE: € 1,k <|V][}).
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This can be done because the cardinality of this span is not bigger than
max(w, Ao, |V|) < ¢. Hence the condition (i) is satisfied for Ao.

Next we will assure that the condition (iii) holds for A\ using an additional
induction process. Fix a well ordering

{(k", a7, ..., D7, D) T < max(w, |V])} of

{(kaalw"akapl”‘apk): kZ ]-7al < <op < lvlapla"'vpk EQ}

and an ordinal number 5 < max(w, |[V'|). Suppose that the induction process
has been performed for every 7 < 8. Let I7 = {{ < ¢: h¢ is defined after step 7}
(observe here that T U {\o} C I°) and assume that

(a) [I"| < max(w, Ao, |V]),
(b) forall k > 1, g < -+ < ag < |V, p1,...,pr € Q we have that
{he + prhet + -+ prhe® : £ € I} s linearly independent over Q,
(¢) yr, € spang{he —i—p{h?l 4. +p27h?w e}
We need
of
Yr, € spang{he +p*fh£1 + - +pk5h % €€ U I}
76

If this is not the case, choose v € ¢\ [J,_5 1" such that for all m > 1,
p1s- - Pm € Q\ {0}, and ay < -+ <, < |V| we have that pyhS + -+ +
pmhg™ is not an element of

spang({he: € | J Iy U{hg: e (J I r <[VI}U{un}).

<8 T8

Such a v exists as the above span has cardinality less than ¢ and by the
condition (A) the set {phg" + —I—pmham: ¢ < ¢} is a Hamel basis for all
le,pl,...,meQ\{O} anda1< <y < |V

Set h., =y, — (P h3? Ty o+ plsh k") and I° = |J__4 I7U{y}. Obviously
1171 < [Urep 17 + 1 < max(w, Ao, [V]) and

Y, € spang{he + p) h + - +pkﬁh£’“6 ¢ eIy,



Now, to verify that condition (b) holds for 8 suppose that for some k > 1,
ap <o <a <|V|,pi,.pr € Q, {he + pihgt + -+ prhgt 1§ € 1P} are
linearly dependent over Q. Then h, + phS* + -+ - + pphS*t would be in

spang({he: £ € (I} Ulhg: ¢ | JTITw<|V]})

TS <

aB QB
which in turn would imply that p, At + - - - + pphS* — (PIRS" +- - +pf5 hy*)
is in

spang ({he: § € U I"YU{hi: €€ U Ik < [V} U{ya})-

<8 TS

Based on the way v was selected, the latter could only happen if (1) p; =
:pk:pf::pgﬁz()or(2) :kf87a/izoziﬁ7aﬂdpi:piﬁ(i:
L..., k). If (1) was true then yy, € spang{he: & € U, 517} which we

assumed was not the case when defining h,. If (2) was true then y,, =

h'y +p/18h71 4+ +pgﬂh7kﬁ would be in

a? ol
spang({he + pihe! + -+ ph e | J I}
T

which, again, would result in a contradiction.

Hence, we can assume that the above induction process has been carried
out for all f < max(w,|V]) and consequently that the condition (iii) holds
for Ag. Note that I, = Upmax(wv)) I and therefore |I,| < max(w, A, |V|).
This completes the step A\g of the definition of H. It follows from the condition
(iii) of the inductive construction that H is a Hamel basis (use p; = -+ =
pr = 0) and that V U {H} possesses the property (A). This contradicts the
assumption that V = {H,} is a maximal family of Hamel bases satisfying
(A). Hence we conclude that |V| = c. O

The following theorem gives the lineability of the functions with finite
preimages (F), and F.,).

Theorem 2.3.
(i) L(F,) =n+1 and Lo(F,) = ¢* forn > 1.
(ii) *C(F<w) = EQ(F@J) ="



In the proof of the above theorem we will use the following lemma.

Lemma 2.4. Let { < cand&,,(m > 1) be a collection of (m—1)-dimensional
subspaces of R™ such that |E,| < ¢ and vg € R™ for E € &,,. Then
there exists (yo,y1,...) € (R\ {0})° such that for every m > 1 and all

51 << Sm < C we .haVe (yfl’ e ’yém) g UEEgm (UE + E)

Proof. Choose y, € R\ {0}. Next pick v < ( and assume that y; is defined
for every ¢ < v and that the sequence (y(,y;,...) € (R\ {0})” has the
following property:

(x) forevery k > 2 and all § < -+ < & < v we have that for every m > k
: k m—k
and FE € &, if R* x {0} Z E then (yg,..-, ¢, 0,...,0) ¢ E.
(m—k) 0’
2, FE € &,, and & < --- < &1 < . Assume that

k >
¢ E. We claim that there is at most one y € R such that
y,0,...,0) € E. If that was not the case then we would have

Now fix m >
Rk % {O}mfk
(Yeys - Yy
(m—k) 0's
that (0,...,0,1,0,...,0) € E and consequently
—— =
(k—1) 0’'s (m—k) 0’s
/ /
(Yeyso Y » 0,...,0 ) € E.
(m—k+1) 0’'s
If £ = 2 then the latter would imply that R* x {0} * C E. If k > 3
then using the inductive assumption (%) we would conclude that R*=! x
{0}m=**! C E, which in combination with (0,...,0,1,0,...,0) € E would
—— =
(k—1) 0's (m—k) 0’
imply again that R* x {0} % C E. In either case (k = 2 or k > 3) we
would get a contradiction with our assumption about E. Let us denote
the y from above by Ykme . e ,.p (if the y doesn’t exist then we can set
Yeméy,...nr,2 = 0). Now choose ¢ to be a non-zero element of

R\ U {Yrngrrir B}

k<m, 1< <&k _1,E

One can easily observe that the constructed sequence (y), 9}, ...) € (R\{0})
satisfies the following property: for every m > 1 and all § < --- < &, < «

we have (yél, _ >yém) ¢ UEesm B



Now pick £ € &, and & < --- <, < a. There exists at most one
Cer...emp € R\ {0} such that

.....

that (yo,v1,...) = c(y), Y1, - .. ) has the desired property. O

Proof of Theorem 2.3.

(i) To prove the inequality £(F,) < n+ 1, let fi, fo,..., fosr1 € RE and
T < o < -+ < xpr1 € R. Consider the following homogeneous system of n
linear equations with (n + 1) unknowns a1, as, ..., apy1:

arfi(wy) + -+ anprfari (1) = afi(ze) + 0+ anga fora (2)

arfi(xn) + -+ anpr fop1(@n) = arfi(@ns1) + -+ Gngr for1 (Tngr)

There exists a non-trivial solution (ay, as, ..., a,;1) € R™™! to the above sys-
tem. Hence, if fi,..., f.41 are linearly independent then span{ fi,..., foi1} €
Fe(nen) U0}

The inequality £(F},) > n+ 1 is obvious for n = 1 so we can assume that
n > 2. We will define fi,..., f, € F,, on R = {z¢: £ < ¢} by induction on ¢
such that fi,..., f, are linearly independent and span{ f1, ..., f,} € F,U{0}.
We will proceed as follows. Let R\ {(0,...,0)} = {(a},...,a?): B < c¢}. Set
fi(zo), ..., fu(xe) arbitrarily and pick o < ¢. Assume that the construction
has been carried out for all £ < a. Let D¢ = dom(fy) = --- = dom(f,) after
stage £ and assume that

(a) {ZE,y: v S 5} g D§7 |D§| S maX("‘}v |£|)7 and Dfl g D§ for 51 S 57

(b) for every 8 < ¢ we have that |(affi + -+ af,) " (y)] < n for all
yeR,

(c) for every B < & we have that |(af; +--- + a®f,) "' (y)| = n for all
y e (@l fi+-+ajfa)l{z,: v <&}

Put D = ., D¢ and define P(A) = {(a,...,2}) € A*: 2} # 2 fori <
j < k,k > 2} for any A C R. Note that the condition (b) is equivalent to
the following statement: for all (21,... 2] ,) € P(D) the set of vectors

{(filag) = fu@i), - ful@)) = ful@igq)) i < n}
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is linearly independent. Indeed, the latter is equivalent to the fact that for all
(o), ..., 2, ,,) € P(D) the following homogeneous system of linear equations

a1f1<1;,1) +eet anfn(x/1> = alfl(xé) +eet anfn(xé)

arfi(zy,) + A anfu(r,) = arfi() )+ Fanful,)

has only the trivial solution (a; = --- = a,, = 0) since the vectors (f;(z}) —
fi(@i), -, falx)) = fa(ziyy)) (2 < n) are the row vectors of the matrix of
coefficients of the above system.

If z, & D then we need to define fi(z,),..., fn(xs) preserving the con-
dition (b). Choose

(fl(xa)w"afn(xa))ERn\ U ((f1($/1>,,fn($/1))—l—E(x/1 ,,,,, m’n))y

(x),...,z1,)eP(D)

where Er oy = span{(fi(z]) = fi(@iy1), -5 fu(2)) = fu(2iyy)) 1 <n—1}
The above choice is possible by Lemma 2.4 (use ( = n, m = n, &, =
{Ew,, .y (@),...,27) € P(D)}, and vp = (fi()),..., fu(2})) for B =
Elar...ary; n0te that |E,| < ¢ since |P(D)] < max(w, |al)).

Now pick f < a and assume that for every 8 < 3 we have

(@ ftra) f) )l =nforally € (af fu+-+af fu)l{z,: 7 <},
We will extend the functions fi,..., f, so that
(@ i+ +a)f) ()| =nforall y € (af fi + -+ aj fu)[{wy: ¥ < a}].

Assume that |(af fi+--+a2 )" (y")] = n—k, (0 < k, < n) fory? = (a} f1 +
st al f) (). Pick (27, ... ,x),) € P(R\ f; '[R]). We can inductively (with

respect to i) define fi(z}), ..., fa(2]) such that (a} fy +---+ a2 f,)(z]) =y
fori=1,...,k,. Indeed, choose

such that

(fr(@]), ..., fu(z])) ¢ U (f1(@h), s fa(@) + Byt



where Egq,..ar) = span{ (f1(2) = £ (@h1)s- -+ fal@l) = fulalyn)): i < n—1}.
Note that the above choice is possible since for each (2, ..., 2.) € P(f; '[R]),
{(y1,-- . yn) € R™: alyy 4+ -+ aly, = ¥’} and (fi(x),..., fu(2))) +
______ 2) are two distinct affine hyperplanes (as otherwise we would have
(@) fi 4+ al f) 7 ()] = n).

This finishes the proof of the statement: for every 5 < «

(@ fi+ - +alf) " (y) =nforally € (af f + -+ dl fo) [{2y: 7 < a}].

Hence the condition (¢) holds for « and the inductive step of the definition of
fi,--., fn is completed. It follows from the construction that the conditions
(a)—(c) are preserved. The condition (a) assures that the functions fi,..., f,
are defined on R and the condition (c¢) assures that any nontrivial linear
combination of fi,..., f, is an n-to-one function. Hence the proof of L(F,) =
n + 1 is completed.

To prove Lg(F,) = ¢t first observe that in any family of functions of
cardinality > ¢ there are two functions equal on a set of size n + 1 (this
follows from the fact that there are only ¢-many functions from a set of size
n + 1 into R). Their difference is not in F,. Hence Lo(F,) < ¢*. To see
that Lo(F,) > ¢ consider a partition {A¢: & < ¢} of R into subsets of size
n and a partition {H,: |H,| = ¢, < ¢} of a Hamel basis. Define f, € F,
such that f,(R) C H, and f,|A¢ is constant for each £ < ¢. It can be seen
that f, are linearly independent over Q and spang{f,: a < ¢} C F, U{0}.

(ii) First, to see that Lo(F<,) < ¢*, observe that, similarly like above (at
the end of proof of (i)), in any family of functions of cardinality > ¢ there
are two functions equal on a set of size w. Their difference is not in F_,.

To prove that £(F.,) > ¢ we will construct a family {fe: & < ¢} of
functions such that for all n > 1, (a1,as,...,a,) € R"\ {(0,...,0)}, & <
c.&n <, and y € R we have [(a1fe, + -+ + anfe,) "({y})] <n. Fix a <c¢
and assume that for every { < « the function f; is defined on {z5: 8 < a}
and for all n > 1, (ay,as,...,a,) € R*\ {(0,...,0)}, & < ...& < a, and
y € R we have |(a1fe, + -+ + anfe,) " ({y})] < n. We will now define f¢(z,)
forevery ¢ < a. Fixann > 1, & <o <&, <, 1 < -+ < B, <a. For
n =1 define E¢, 3, = {0} and for n > 2 set

E&‘lv---fn,ﬁl,---ﬁn = Spa'n{(fgl (mﬁz) - f£1 (xﬁi+1)7 DR/ fgn (xﬁz) - f{n (xﬁl+1)) : Z < n}
Note that dim(E¢, ¢, 4,,.5,) =n— 1. If dim(E¢, ¢, 5,,.5,) <n—1 then we
would get a contradiction with the inductive assumption as

(a1f§1 +-+ an—lffn_1)(x5i) = (alf& +oe At an—lffnﬂ)(lﬁﬂi“)
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for i <mn —1 and some (ay,...,a,) € R*\ {(0,...,0)}. Indeed, the latter is
equivalent to det([(fe, (zs,) — fe;(2s,41))li<n—1,j<n—1) = 0 which obviously is

.........

En = {E51,~~-5n,517~--,8n: fl < e K £n < Oé,ﬁl < e K ﬁn < Oé} and

VE = (f§1<x51)7 BRI ffn(xﬂl))
for E = E, ¢, 6.5, Next apply Lemma 2.4 (¢ = «) to obtain (yo, y1,...) €

77777777

(R \ {0})® such that for every n > 1 and all & < --- < &, < a we have

(Yers -+ Ye,) & UEegn vg + E. Define fe(x3) = ye.
As the next step we will define f,(z3) for every f < a. Fix v < o and

assume that f,(z3) has been defined for every § < 7 in such a way that for
all n > 1, (a1,as,...,a,) € R\ {(0,...,0)}, & < ...& 1 <a,and y € R
we have |(aife, +- - +anfa) ' {y})| < n. Pick f; < --- < B, < v and notice
that

dim<span{(f€1 (xﬁz) _f£1(xﬁi+1)7 ) fa(xﬁi) _fa<x/5i+1)): 1 <n— 1}> =n—1L

This implies that there exists exactly one y = ¢, ¢, 1 .ap1,...8, sSuch that

(fe,(xg,) — fea(xy), ..., falzs,) —y) is in
Span{(ffl (xﬁz) - f§1 (xﬁi-u)v <o 7f01(mﬂi) - fa(xﬁi+l)): 1<n— 1}'

Choose

fOé('r’Y) S R\{y& ,,,,, €n—1,00B1,...0n * 51 <.. 'gn—l < @751 <--- < Bn < ’Y}

This completes the step a of the definition of the family of functions {f¢: £ <
c}. It follows from the construction that the functions satisfy the desired
property, namely: for all n > 1, (a1, as,...,a,) € R*\ {(0,...,0)}, & <
..& < ¢ and y € R we have [(ayfe, + -+ + anfe,) ' ({y})| < n. Hence
span{fe: £ < ¢} C F, U{0}. O

Corollary 2.5. L(F.,) =n and Lo(F.,) = ¢t forn > 2.

Proof. The inequality £(F.,) > n is implied by the fact that F(,_1) C F,
and Theorem 2.3 (i). The opposite inequality L(F.,) > n follows from the
proof of the inequality £(F,) < n + 1 in part (i) of Theorem 2.3 (page 8).
The equality Lo(F.,) = ¢ for n > 2 follows from Theorem 2.3 and the
following observation F,_1) € Fo,, C F,. O
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